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1 Introdution
As is well-known, given the omplex sphere P
1
minus two points, there exist nononstant
holomorphi maps from the plane into this set, the simplest example of whih is given by
applying the exponential map and then omposing with a Mobius transformation taking 0
and1 to the two given puntures. Likewise, given the sphere minus one point, we an map
the plane into this set by simply applying diretly a Mobius transformation taking1 to this
punture.
In this paper we prove a parametrized version of this result. To be more preise, we make
the following denition.
DEFINITION 1.1 Let U be a nonompat Riemann surfae and let D  U  P
1
be a
1-dimensional omplex variety of the form D = f(z; w) : a(z)w
2
+ b(z)w + (z) = 0g for
holomorphi a; b;  suh that for generi z 2 U the ber D
z
= D\ (fzgP
1
) has two points.
Then D is alled a double setion over U .
The parametrized version of the above result is that, given a double setion D over U ,
there is a ber preserving holomorphi map from U  C to the omplement of D whih on
eah ber has the form desribed above.
THEOREM 1.2 Let D be a double setion over U . Then there exists a holomorphi map
F : U  C ! (U  P
1
) n D of the form F (z; w) = (z;H(z; w)). Moreover, if #D
z
= 2,
then H(z; w) = M
z
(exp(
z
w)), where M
z
is a Mobius transformation mapping 0 and 1 to
the two points in D
z
and 
z
is a nonzero onstant depending on z, while if #D
z
= 1, then
H(z; w) =M
z
(w) where M
z
is a Mobius transformation mapping 1 to the point in D
z
.
We will obtain this theorem by rst proving a weaker result.
THEOREM 1.3 Let D be a double setion over U . Then there exists a holomorphi fun-
tion  : U ! P
1
whose graph, a holomorphi setion over U , is disjoint from D.
As a orollary of theorem 1.3 we have the following.

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COROLLARY 1.4 Let D be a double setion over U . Then after a biholomorphi hange
of variables on U  P
1
, there is a holomorphi funtion h on U suh that D has the form
D = f(z; w) : w
2
= h(z)g:
Although it is possible to obtain these results more abstratly, the methods presented
here are ompletely onrete and allow us to write the maps expliitly in terms of the initial
oordinates.
This paper developed out of ideas ontained in [BL℄. In that paper we showed that for
many algebrai surfaes, the existene of a Zariski dense image of C is equivalent to the
existene of a dominating map from C
2
into the surfae (a dominating map is a holomorphi
map with full rank generially). However, in that paper we did not resolve ompletely the
question of the existene of a Zariski dense image of C in the omplement of a general double
setion. We resolve the problem ompletely here.
2 A holomorphi setion
In this setion we prove theorem 1.3. Let D be a double setion in U  P
1
. Sine there
are only ountably many z 2 U for whih #D
z
= 1, we an apply a map of the form
(z; w) 7! (z;M(w)) for some Mobius transformation M to ensure that if #D
z
= 1, then
1 =2 D
z
.
Let E
1
be the set of z 2 U suh that 1 2 D
z
. Then E
1
is disrete, so we may apply a
map of the form (z; w) 7! (z; w   f
0
(z)), where f
0
is holomorphi on U suh that if z 2 E
1
and w 2 D
z
, then w   f
0
(z) 6= 0. Hene if z
0
2 E
1
, there is a neighborhood of z
0
suh that
in this neighborhood, D is the union of the graphs of two funtions of the form u
0
(z) and
u
1
(z)=(z   z
0
)
m
, where u
j
(z
0
) 6= 0 and m  1.
Next, let f
1
be holomorphi on U suh that if z
0
2 E
1
with u
0
; u
1
as desribed above,
then f
1
(z) = (z   z
0
)
m
+ O(jz   z
0
j
m+1
). Let F
1
(z; w) = (z; f
1
(z)w), and let C = F
1
(D).
Then C is a double setion and is ontained in U  C . Moreover, if z
0
2 E
1
, then C is
loally the union of the graphs of v
0
(z) = u
0
(z)(z   z
0
)
m
and v
1
(z) = u
1
(z). Moreover,
suppose that  is holomorphi on U suh that (z) \ C
z
= ; if z =2 E
1
, while if z
0
2 E
1
,
then (z) = O(jz   z
0
j
m+1
). Then F
 1
1
(z; (z)) = (z; (z)=f
1
(z)) is a holomorphi setion
whih avoids D when z =2 E
1
and whih equals 0 2 C n fu
0
(z)g when z 2 E
1
. Thus
(z) = (z)=f
1
(z) gives a holomorphi setion in the omplement of D, so it suÆes to
onstrut  .
As the nal simpliation toD, we note that the sum of the points v
0
(z) and v
1
(z) in C
z
is
holomorphi on U , so we dene the biholomorphi map F
2
(z; w) = (z; w  (v
0
(z)+ v
1
(z))=2)
and let B = F
2
(C). Then B has the form B = f(z; w) : w
2
= h(z)g, where h(z) =
((v
0
(z)  v
1
(z))=2)
2
. Note that if z
0
2 E
1
, then
F
2
(z; (z)) =

z; 
u
0
(z)(z   z
0
)
m
+ u
1
(z)
2
+O(jz   z
0
j
m+1

; (2.1)
so it suÆes to onstrut a setion, , avoiding B exept at points z
0
2 E
1
, at whih points
 should have a development as in the seond oordinate of (2.1).
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To obtain the setion , we will rst dene a funtion g(z;
p
h(z)) whih is holomorphi
on B exept possibly where h = 0, then dene
(z) =
p
h(z)
g(z;
p
h(z)) + g(z; 
p
h(z))
g(z;
p
h(z))  g(z; 
p
h(z))
: (2.2)
Note that for eah z,  is independent of the hoie of 
p
h(z), so  is well-dened and
meromorphi exept possibly where h = 0 or both g(z;
p
h(z)) and g(z; 
p
h(z)) are zero.
We will onstrut g to ensure that at suh points,  has a removable singularity and so that
 avoids B exept at points in E
1
, where  has the form ditated by (2.1).
To this end, let E
0
= fz : #D
z
= 1g = fz : 0 2 B
z
g = fz : h(z) = 0g. We require
(a) If z
0
2 E
0
, then g(z;
p
h(z)) = 1 +
p
h(z) +O(
p
jzh(z)j).
(b) If z
0
2 E
1
, then taking
p
h(z) = (v
0
(z)   v
1
(z))=2, we have g(z;
p
h(z)) = 1 + z
m
+
O(jz   z
0
j
m+1
) and g(z; 
p
h(z)) = az
m
+O(jz   z
0
j
m+1
), where a = u
0
(z
0
)=u
1
(z
0
).
() If z
0
=2 (E
0
[ E
1
), then g(z;
p
h(z)) 6= 0.
To obtain suh a funtion g, let 	 : X ! B be the normalization of B, where X is
a nonompat Riemann surfae (see e.g. [C℄). By [F, theorems 26.3, 26.5℄, the lassial
theorems of Weierstrass and Mittag-Leer are valid on X. Hene given nite holomorphi
jets at a disrete set of points in X, there is a funtion holomorphi on X agreeing with
the given jets and having no other zeros. This an be done for instane by rst nding a
Weierstrass funtion, f , having the presribed zeros, dividing all of the jet data by the jets
of f at the appropriate points, then taking log of these new jets and interpolating to get
a funtion g having these log jets. Then f exp(g) has the desired jets and no other zeros.
Sine 	 is biholomorphi exept where h = 0, the data in parts (b) and () transfer diretly
via 	 to data on X. Hene we need fous only on part (a).
Suppose z
0
2 E
0
. Without loss we may take z
0
= 0. Suppose that h(z) = z
m
h
1
(z)
with m odd and h
1
(0) 6= 0. Then after a loal hange of oordinates in X and a hoie of
p
h
1
(0), 	 has the form 	(x) = (x
2
; x
m
p
h
1
(x
2
)); i.e., x =
p
z. In this oordinate system,
	
 1
(z;
p
h(z)) = x = 
p
z, and
p
h(z) = x
m
p
h
1
(x
2
). Hene in X, if g
1
is holomorphi
in a neighborhood of 0 and satises g
1
(x) = 1 + x
m
p
h
1
(0) + O(jxj
m+1
), then g = g
1
Æ 	
 1
has the asymptoti development given in (a) in a deleted neighborhood of 0.
Suppose next that h(z) = z
2m
h
1
(z) with h(0) 6= 0. In this ase, B onsists of two distint
omponents whih interset at the origin, and hene the origin lifts to two distint points
x
0
; x
1
in X. Making a hoie of
p
h
1
(0), we see that after a loal hange of oordinates near
x
j
, 	 has the form
	(x) = (x  x
j
; ( 1)
j
(x  x
j
)
m
q
h
1
(x  x
j
)):
Hene 	
 1
(z; ( 1)
j
z
m
p
h
1
(z)) = z+x
j
. As before, in X, if g
1
is holomorphi in a neighbor-
hood of x
j
and satises g
1
(x) = 1+( 1)
j
(x x
j
)
m
p
h
1
(0)+O(jx x
j
j
m+1
), then g = g
1
Æ	
 1
satises the development in (a).
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Hene the requirement in part (a) an be satised by speifying a disrete set of nite
jets in X. As mentioned above, there exists a funtion g
1
holomorphi on X agreeing with
the given nite jets and having no other zeros. Then g = g
1
Æ 	
 1
satises (b) and () and
satises (a) in a deleted neighborhood of eah z
0
2 E
0
.
Given g, note that (z) dened as in (2.2) is holomorphi exept possibly when z 2 E
0
.
Moreover, if z is not in E
0
[ E
1
, then g(z;
p
h(z)) 6= 0 for either hoie of , hene
(z) 6= 
p
h(z). Hene to nish the proof we need show only that  is holomorphi and
nonzero at eah z
0
2 E
0
, and that  has the development given by (2.1) at points z
0
2 E
1
.
Suppose rst that z
0
2 E
0
. As before, we may assume z
0
= 0 and that h(z) = z
m
h
1
(z)
with h
1
(0) 6= 0 and m  1. Realling that  is independent of the hoie of 
p
h(z), we
have
(z) =
p
h
(1 +
p
h) + (1 
p
h) +O(jzj
(m+1)=2
)
(1 +
p
h)  (1 
p
h) +O(jzj
(m+1)=2
)
= 1 +O(jzj
1=2
):
Hene  has a removable singularity at z
0
= 0 and is nonzero there.
Finally, suppose that z
0
2 E
1
, and reall that in this ase, h(z) 6= 0, and
p
h(z) =
(v
0
(z)  v
1
(z))=2, where, assuming that z
0
= 0, we have v
0
(z) = z
m
u
0
(z) and v
1
(z) = u
1
(z),
u
j
(0) 6= 0, and the development in part (b) holds. Then
(z) =

v
0
  v
1
2

1 + (1 + a)z
m
+O(jzj
m+1
)
1 + (1  a)z
m
+O(jzj
m+1
)
=

u
0
z
m
  u
1
2

(1 + 2az
m
+O(jzj
m+1
))
=  
u
0
z
m
+ u
1
2
+ u
0
z
m
  au
1
z
m
+O(jzj
m+1
):
Sine a = u
0
(z
0
)=u
1
(z
0
), we see that this last expression has the same form as the seond
oordinate in (2.1). Thus  is a holomorphi setion with all the desired properties, and
hene applying F
 1
2
and F
 1
1
gives a holomorphi setion avoiding D, as laimed.
3 Normal form and dominating map
In this setion we prove orollary 1.4 and use this to prove theorem 1.2. The proof of
orollary 1.4 is simply a matter of hanging oordinates in UP
1
so that the setion provided
by theorem 1.3 beomes the innity setion in the new oordinates. Although this is a
standard tehnique, we provide the proof for ompleteness.
Proof of orollary 1.4: Let D be a double setion over U . We rst apply a map whih
is biholomorphi on UP
1
and whih mapsD into UC . To onstrut suh a map, note that
by theorem 1.3, there exists a funtion  meromorphi on U suh that the graph, , of  in
UP
1
is disjoint fromD. If  is holomorphi, we apply the mapM(z; w) = (z; 1=(w (z))),
whih is biholomorphi on UP
1
and whih takes  to the innity setion and hene satises
M(D)  U  C .
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Otherwise,  is meromorphi but not holomorphi. Choose a funtion  holomorphi on
U suh that the zeros of  are exatly the zeros of 1=, with the same order at eah zero.
Let (z) = ( 1=(z)) + (1=g(z)), and let
M(z; w) =
(z)w + 1
w   (z)
:
If (z
0
) 2 C , then (z
0
) 2 C with (z
0
) 6=  1=(z
0
), and hene M(z
0
; ) is a nondegenerate
Mobius transformation taking (z
0
) to 1. If  has a pole of order m at z
0
, then  has a
pole of the same order at z
0
, so multiplying numerator and denominator by (z   z
0
)
m
, we
see that M(z
0
; w) = w for some  6= 0. Hene M is biholomorphi and M() is the innity
setion, so M(D) is ontained in U  C .
Now, near a generi point in U , M(D) is the union of the graphs of two holomorphi
funtions u
0
and u
1
, and the symmetri funtion u
0
+ u
1
is holomorphi on U . Hene the
map
N(z; w) =

z; w  
u
0
(z) + u
1
(z)
2

is biholomorphi on U  P
1
, and taking h(z) = (u
0
(z)   u
1
(z))
2
=4, we have N(M(D)) =
f(z; w) : w
2
= h(z)g.
Finally, we are ready for the onstrution of a dominating map into the omplement of
a double setion.
Proof of theorem 1.2: Let D be a double setion in U  P
1
. By the orollary, we may
assume that D = f(z; w) : w
2
= h(z)g for some h holomorphi on U . Let
F (z; w) =
p
h(z)
exp(
p
h(z)w) + exp( 
p
h(z)w)
exp(
p
h(z)w)  exp( 
p
h(z)w)
:
Note that F is independent of the hoie of 
p
h(z). Moreover, F is simply the Mobius
transformation x 7! (x + 1)=(x   1) applied to exp(2
p
h(z)w), then multiplied by
p
h(z).
In partiular, if h(z
0
) 6= 0, then F (z
0
; ) maps C into P
1
n f
p
h(z)g, and F is holomorphi
exept possibly where h(z) = 0.
Suppose h(z
0
) = 0, and without loss take z
0
= 0. Then h(z) = z
m
h
1
(z) for some m  1,
h
1
(0) 6= 0. Near 0 we have
F (z; w) =
p
h(z)
(1 +
p
h(z)w) + (1 
p
h(z)w) +O(jzj
(m+1)=2
)
(1 +
p
h(z)w)  (1 
p
h(z)w) +O(jzj
(m+1)=2
)
=
1 +O(jzj
1=2
)
w +O(jzj
(m+1)=2
)
:
Hene for eah xed w, F (; w) has a removable singularity at 0, and F (0; w) = 1=w. Hene
F is holomorphi in eah variable separately, hene holomorphi by Hartogs' theorem. More-
over, for eah xed z, F has the form of an exponential map followed by a Mobius transforma-
tion if D has two points in the ber above z, and F has the form of a Mobius transformation
if D has one point in the ber above z.
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